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ABSTRACT 
 
With the new software tools being developed for simulation of flexible multibody 
systems it is possible to develop the models with various missiles and launchers and 
study their dynamic behavior in the design stages. In most of the flexible multibody 
models, the flexibility modal data is obtained from the corresponding detailed finite 
element model. 
 
This thesis presents the flexible multibody model development of the simplified wing-
pylon structure using the Craig-Bampton approach. Since the Craig-Bampton method of 
Component Mode Synthesis is used, the component finite element models are developed 
separately without inclusion of the local joint details. This approach is used to reduce the 
substantial amount of modeling effort required to build the detailed finite element model, 
and the corresponding finite element problem size. 
 
The modal analysis of the flexible multibody model has been done and the effects of 
selection of different sets of fixed interface normal modes and of different cut off 
frequencies on natural frequencies of the pylon structure are shown. The modal analysis 
results of the flexible multibody model i.e. natural frequencies and the mode shapes are 
found to be consistent with those obtained using previously developed detailed FE model 
and the experimental modal model [1]. 
 
The simplified flexible multibody modeling approach suggested in this thesis can be used 
to model the complex missile systems in order to reduce the modeling as well as the 
computational effort. 
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CHAPTER 1  
INTRODUCTION 
 
1.1 Background 
Computer aided kinematic and dynamic simulation has become an important tool to 
predict the kinematic and dynamic behavior of all types of multibody systems in their 
design stages. With the advent of digital computers it is possible to effectively simulate 
the large, complex systems with more accurate mathematical models which account for 
the flexibility of the system components. In last two decades, flexible multibody 
dynamics has been effectively used to simulate many industrial and advanced 
technological systems such as ground vehicles, aircrafts, robotics, space structures and 
precision machines.     
 
As the development of a missile system is a very complex and expensive procedure, the 
dynamic simulation of a complex missile system proves to be an important and 
economical tool from the first design concept to final prototype. Moreover, it can be 
effectively used to study the interaction between the missile and its launch platforms 
under various conditions. For example, the launcher could be attached to a ground 
vehicle traversing cross-country terrain, a helicopter in forward flight or hovering, or 
even a boat in a specified sea-state condition [1]. A typical configuration of air-to-ground 
missile system with a helicopter pylon launcher is shown in Figure 1.1.  
 1
  
 
Figure 1.1: Typical Air-to-Ground Missile System [2] 
 
It has been observed in the testing of missile systems that the launching sequence of the 
missile puts a significant amount of load on the helicopter pylon structures. Since there is 
enough flexibility present in these pylon structures, it affects the missile trajectory. A 
typical test set up of this study is shown in Figure 1.2. With the new software tools being 
developed for simulation of flexible multibody systems it is possible to develop the 
models with various missile and launcher types and configurations, and study their 
dynamic behavior under different loading conditions.  
 
1.2 Motivation 
C. B. Birdsong [1] developed a methodology for the development and validation of 
flexible multibody dynamic models using a simplified pylon structure representing an 
aircraft wing with an attached wing store as shown in Figure 1.3.  
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Figure 1.2: Test Set-Up for Missile and Launching Platform [2] 
 
 
 
Figure 1.3: Simplified Pylon Structure [1] 
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 A detailed finite element (FE) model was developed and validated using theoretical and 
experimental modal test data. The flexibility in the model was represented by the modal 
data obtained from detailed FE model. 
 
Generally, it takes a significant modeling effort to create the detailed FE model of an 
entire pylon structure, especially modeling of the joints. However, for flexible body 
simulation, these model details are not required. So other possible ways to obtain the 
modal data without creating the complex FE model are explored. For this purpose, the 
Craig-Bampton approach of component mode synthesis can be used to obtain the 
complete structure modal data. With this approach the modal data can be obtained from 
the simplified FE models of each component separately, which will be of reduced sizes. 
Moreover, the joint details are not required to be incorporated in the FE model because 
static constraint modes in the Craig-Bampton mode set will account for dynamic behavior 
of the structure at the joint locations. The methodology developed for the simplified 
pylon structure can be extended to more complex models of missile systems in order to 
increase their computational efficiency.  
 
1.3 Objective 
The objective of this thesis is to develop the flexible multibody dynamic model of the 
simplified pylon structure using the Craig-Bampton mode set for each component. Since 
the Craig-Bampton approach is used the FE models of the components are modeled 
separately. This is done in order to increase the computational efficiency of the model 
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 and to reduce the substantial amount of the modeling effort required to build the detailed 
FE model of the simplified pylon structure. 
 
1.4 Scope of Thesis 
The body of this work includes the development of a simplified flexible multibody 
dynamic model of the pylon structure. This involves development of the CAD model, 
development of the rigid multibody model, development of FE model of each component 
and development of Craig-Bampton mode set for each component from its FE model. 
The process of developing the flexible body model and its simulation will be done using 
various commercial software packages.  
 
The CAD model of the pylon structure will be developed using the Pro/Engineer® (Pro/E) 
[3] software. The geometry and mass properties of the CAD model will be verified with 
the physical measurements of each component. The FE models of each component will 
be developed using MSC.Patran® [4] and solved for the Craig-Bampton mode set using 
MSC.Nastran® [5]. The rigid and flexible multibody models of the pylon structure will be 
developed using LMS Virtual.Lab Motion® [6].  
 
The scope of this project is limited to obtaining the natural frequencies and corresponding 
mode shapes of the pylon structure. The dynamic response of the simplified pylon 
structure subjected to various forcing functions and time dependant boundary conditions 
is not included in this study.  
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 1.5 Thesis Organization 
This thesis is comprised of eight chapters including this introductory chapter. Chapter 2 
presents the literature review. Chapter 3 details the development of the CAD model. In 
Chapter 4, previously developed models of the pylon structure i.e. detailed FE model and 
experimental modal model are reviewed. In Chapter 5, the analytical aspects of the rigid 
and flexible multibody dynamics and the Craig-Bampton method for component mode 
synthesis are discussed. The detailed description of the development of the rigid body 
model, FE model of each component and the flexible body model of the pylon structure is 
given in Chapter 6. In Chapter 7, the results of eigenmode analysis of the flexible 
multibody model, obtained using different sets of Craig-Bampton modes are discussed. 
Moreover, the comparison of the results obtained using each modeling method is given. 
Finally, the conclusions of this thesis, uncertainties involved in the modeling process and 
the scope for future research in this area are discussed in Chapter 8.  
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CHAPTER 2 
LITERATURE REVIEW 
 
The flexible multibody dynamic analysis involves the computer modeling and the 
analysis of constrained deformable bodies that undergo large displacements and large 
rotations [7]. The large displacements include rigid body motion as well as elastic 
deformations. The deformation of the bodies can be described using component modes or 
using finite element (FE) method. Since 1950, the FE method has grown significantly in 
scope, finding applications in various areas of engineering as well as in applied 
mathematics. A detailed review of formulation of various FE methods is beyond the 
scope of this work. However, a brief review of literature related to other aspects of 
flexible multibody dynamics is presented in this chapter. 
 
2.1 Rigid-Body Multibody Dynamics  
In general, a multibody system is defined to be a collection of subsystems called bodies, 
components, or substructures, which are constrained through different types of joints [8].   
Nowadays, multibody dynamics is a well developed concept with many applications in 
two main fields namely spacecraft dynamics and machine dynamics. Many technical 
papers on multibody dynamics have been written since 1950. Burton Paul [9] has 
presented a detailed review of the development of multibody dynamics field in the past 
forty years. “Computer Aided Kinematics and Dynamics of Mechanical Systems”, 
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 written by Haug [10] and “Computer-Aided Analysis of Mechanical Systems” written by 
Nikravesh [11] are some of the classic textbooks related to multibody dynamics. The 
advanced multibody dynamics topics and state-of-the-art techniques such as real-time 
simulation of multibody systems are given in the book written by de Jalon and Bayo [12]. 
 
In general, the approaches of multibody dynamic formulation can be categorized based 
on the type of generalized coordinates used. The most important types of coordinates 
currently used are absolute coordinates (i.e. global Cartesian coordinates) and relative 
coordinates (i.e. relative joint coordinates). The formulation of equations of motion using 
Cartesian coordinates becomes straightforward using Lagrange’s equation and Lagrange 
multipliers. A major disadvantage of this method is the use of the maximum number of 
generalized coordinates, which results in the maximum number of coupled differential 
and algebraic constraint equations [13]. Even with the aid of sparse matrix solution 
methods of the equations, this method can be computationally inefficient, if the number 
of bodies in the system is large.  To reduce the number of required generalized 
coordinates, Wehage and Haug [14] presented a coordinate partitioning solution method 
for analysis of constrained dynamic system.  
 
 8
In the second approach, relative joint coordinates are used to formulate a minimum 
number of differential equations of motion. Generally these formulations are based on 
recursive Newton-Euler equations. The relative joint coordinates are also used in Kane’s 
method [15]. The relative coordinate recursive methods are based on a topological 
analysis of the mechanical systems and are more suitable for open loop systems. If closed 
loops are present, the topology analysis generates a tree-like structure of the system by 
 selecting some joints to be mathematically cut [16]. Even though this approach is 
numerically efficient, the incorporation of general forcing function and constraint 
equations in recursive formulation is difficult.      
 
A hybrid formulation called the velocity transformation was introduced by Jerkovsky 
[17], and Kim and Vanderploeg [18]. In this formulation the equations of motion were 
first formulated in Cartesian coordinates and velocity transformation matrix was used to 
transform these equations in terms of relative joint coordinates. This formulation makes 
initial system definition straight-forward with the Cartesian coordinates and the equations 
of motion can be efficiently integrated by using relative joint coordinates. 
 
2.2 Flexible Multibody Dynamics 
The development of new light weight materials and the demand for higher operating 
speeds required the development of more accurate methodologies that take into account 
the effect of deformation of the system components. As a result of the need to simulate 
these complex systems, flexible multibody dynamics emerged as a new field in the early 
nineteen seventies [7]. The multibody dynamic formulation especially with flexible 
bodies is given in “Dynamics of Multibody Systems” [8].  
 
Several technical papers have been written about flexible multibody dynamics with due 
consideration in using different coordinate systems and coupling of the rigid motion with 
elastic deformation [19, 20]. S.S. Kim [21] presented the recursive formulation for 
flexible multibody dynamics. Kim, Shabana and Haug [22] presented transient dynamic 
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 analysis of vehicle system consisting flexible bodies using FE method and component 
mode synthesis technique.  
 
Recently, A. Shabana has reviewed some of the basic methods used in flexible multibody 
dynamics [7]. Among these methods, the floating frame of reference formulation, the 
linear theory of elastodynamics, the finite element incremental methods, and large 
rotation vector formulations are discussed in detail. A new method of using the absolute 
nodal coordination formulation is introduced for the large deformation analysis of the 
flexible multibody systems in [7]. Some of these methods are briefly reviewed in the 
following subsections.    
  
2.2.1 Floating frame of reference formulation 
In the floating frame of reference formulation, the equations of motion are expressed in 
terms of a coupled set of reference coordinates representing rigid body motion and elastic 
coordinates representing the deformation of the bodies. The deformation of the bodies 
can be approximated by the Ritz method as a product of known shape function and 
unknown time dependant coordinates [23]. The shape functions obtained using FE 
models of flexible bodies in multibody systems result in a detailed system representation 
and a high number of system equations. The number of system equations of such a nodal 
approach can be reduced considerably by using a modal representation of deformation. 
Generally Component Mode Synthesis is used for this purpose. 
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 Hurty [24] developed component mode synthesis (CMS) as a technique for the dynamic 
analysis of complex structures consisting of an assemblage of substructures. Hurty 
divided the component modes into three types, rigid body modes, constraint modes and 
normal modes. Later, Craig and Bampton [25] suggested a simplified approach of 
coupling for substructures using only fixed boundary normal modes and constraint 
modes. The constraint modes were obtained by successively applying unit displacement 
to each interface degree of freedom (DoF) while keeping all other attachment DoFs fixed. 
Later, Craig and Chang [26] developed method of CMS using attachment modes along 
with normal modes. In this method, the attachment modes were obtained by applying unit 
force instead of unit displacement to each interface DoF.  According to the method of 
defining deformation modes and their boundary conditions, CMS methods can be 
classified as constraint and attachment mode approaches [26]. These approaches are 
discussed in detail in Chapter 5. 
 
Shabana and Wehage [27] applied substructuring techniques to mechanical systems that 
are composed of rigid and flexible bodies, in which coupling between gross motion and 
elastic deformation is considered.  The approach of using static correction modes was 
extended to simulate the flexible mechanical systems by W.S. Yoo [28]. Since then CMS 
methods are effectively used in the formulation of flexible multibody dynamic model to 
reduce the dimensionality of the problem. 
 
 11
However, the CMS approach leads to a fundamental problem of selecting deformation 
modes. Oskar Wallrapp and co-workers [23, 29-31] presented the general guidelines for 
selection of deformation modes for flexible multibody dynamics in their work. Kim and 
 Haug [32] compared the results of analysis of the flexible multibody system using 
constraint mode and attachment mode approaches and showed that the constraint mode 
approach would give better results. 
 
2.2.2 Other dynamic formulations 
In the linear theory of elastodynamics [7], it is assumed that the elastic deformation does 
not have a significant effect on the rigid body motion, and therefore, the inertia terms in 
the reference equations are assumed to be independent of the elastic deformation. The 
rigid body motion and the elastic deformation are solved separately and then added to 
obtain the total motion of the deformable bodies. However, the results obtained using this 
method are not accurate when high speed, light weight mechanical systems are 
considered. In these systems, the inertia coupling between the rigid body motion and the 
elastic deformation can not be neglected in the dynamic simulations. 
  
In the incremental finite element formulations [7], the large displacements of the finite 
elements are described incrementally using element nodal coordinates. Here a sequence 
of fixed coordinate systems is introduced, and at a given instant of time, the finite 
element coordinate system is assumed to coincide with one of these fixed coordinate 
systems. However, as it is assumed the rotation between two consecutive configurations 
is infinitesimally small, the use of these formulations involves a linearization of equations 
of motion.  
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 In order to avoid the linearization of equations in incremental finite element formulations, 
large rotation vectors are used to describe the element configuration. In this formulation, 
finite rotations are used as a field variables leading to a set of nodal coordinates that 
consists of displacement coordinates as well as finite rotation coordinates. However, this 
formulation has limited success due to several factors. One of the important factors is the 
redundancy of representing the large rotation of the cross section. Moreover, the 
interpolation of finite rotations is required in this formulation. 
 
Some of the problems associated with the large rotation vector formulations can be 
avoided using the absolute nodal coordinate formulation. In this formulation, the element 
nodal coordinates are defined in the inertial frame. These nodal coordinates are used with 
a global shape function, which has a complete set of rigid body modes. Here no 
infinitesimal or finite rotations are used in nodal coordinates. The element coordinates are 
expressed in terms of nodal displacements and slopes, which can be determined in the 
undeformed reference configuration using simple rigid body kinematics. This formulation 
can also be used in the analysis of curved structures [7].  
   
2.3 Approach Used in This Thesis 
In most of the work described so far the deformation modes, which may include normal 
vibration modes, constraint modes, attachment modes, or combination of these modes are 
obtained from a detailed FE model of the multibody system. These detailed FE models 
are validated using experimental modal tests.   It requires a significant modeling effort to 
build such complex models, especially during creation of the FE mesh with local joint 
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 details. Moreover, the set-up for experimental modal testing becomes a more time 
consuming process, as it must always be correlated with the detailed FE model. In 
general, it becomes a long and tedious process to build these complex FE models and 
validate them using experimental modal test data. Some of the major problems associated 
with meshing of detailed FE model and its translation from one software to another are 
addressed in the U.S. Army HMT trailer project report [33] where flexible multibody 
dynamics is used for fatigue durability analysis of a U.S. Army trailer. 
 
Birdsong [1] has presented a detailed process of validation, correlation and updating 
detailed FE models used for flexible multibody modeling of a pylon structure. It is seen 
that at a certain stage of modeling it becomes very difficult to update the detailed FE 
model based on the results of the experimental modal test. The effort required at various 
stages of modeling and the uncertainties associated therewith are highlighted in [1]. 
Recently, Tracy Van Zandt [2] has presented the development of efficient reduced 
models from a detailed FE model of a pylon structure. These reduced models, which can 
be easily updated from the experimental modal test data, are used for dynamic simulation 
of a pylon structure. 
 
In this thesis, an effort is made to build a flexible multibody model of a pylon structure 
without developing a highly detailed FE model. For this purpose, a Craig-Bampton 
approach (CMS method) is used along with simplified FE models of each component to 
develop the model. Using this approach, reduction of the modeling effort as well as the 
computational load will be presented without significant loss in accuracy of the results.  
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CHAPTER 3 
DEVELOPMENT OF THE CAD MODEL 
 
A basic task in the multibody dynamic analysis of a system is to develop its CAD model. 
Upon completion of the CAD model, it can be translated to kinematic and dynamic 
analysis software packages such as DADS® [34], ADAMS® [35] or Virtual.Lab Motion. 
The CAD model must be validated by comparing its geometry and the mass properties 
with the physical model. This chapter details the development of the CAD model of the 
simplified pylon structure and its validation. 
 
3.1 Physical Model 
The model used in this investigation is a simplified structure representing a helicopter 
wing pylon with two missiles, as shown in Figure 3.1.  The structure is made up of four 
plates bolted together using structural angles at the joints and two round bars to represent 
the missiles. 
 
The base plate is bolted to the ground as shown in Figure 3.1. The physical wing, 
represented by the cantilevered horizontal plate, attaches to the fuselage, represented by 
the vertical plate, with four bolts and two alignment pins. The missile rack attaches to the 
wing using four bolts and two alignment pins. The two iron rods which represent missile                          
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Figure 3.1: Simplified Pylon Fixture [1] 
 
mass are bolted to the missile rack. The angle irons are used to form a bracket joint 
between adjacent plates. 
The simplified structure helps in validating the vibration analysis using analytical 
expressions as well as the experimental modal testing. The development of the flexible 
multibody model using Craig-Bampton method can be clearly understood with the use of 
the simplified structure and this approach can be extended to more complicated helicopter 
pylon and missile structures. 
 
3.2 Analysis of the CAD Model 
Here the Pro/Engineer (Pro/E) software is used for generation of the CAD model of the 
simplified pylon structure. The Pro/E software is one of the most widely used solid-
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 modeling CAD packages. Pro/E is based on parametric relationships, thus equations and 
Boolean expressions can be used to describe the geometry, material, and mass properties 
for any part, and to describe the constraints as to how parts are assembled [2].  
 
The geometrical details of each component of the CAD model are shown in Figure 3.2. 
The Pro/E model can be exported to Virtual.Lab Motion and MSC.Patran directly to 
generate a rigid body model and finite element model respectively. 
 
Using Pro/E analysis, mass, moment of inertia and C.G. locations of each component as 
well as that of the assembly are determined.  These mass properties are compared with 
the actual mass properties of the fixture in order to validate the model. Comparison of the 
mass properties of the CAD model and the physical model are given in Table 3.1.  
 
Table 3.1: Comparison of CAD model vs. physical model mass properties 
 
Component Material Density (lb/In3) 
CAD 
Mass (lb) 
Measured 
Mass (lb) ∆ (lb) ∆ % 
Base Plate 
(make 1) Aluminum 0.1 42.8 43.2 -0.4 -0.93% 
Vertical Plate 
(make 1) Aluminum 0.1 53.7 54.2 -0.5 -0.92% 
Wing 
(make 1) Aluminum 0.1 28.6 29.2 -0.6 -2.05% 
Missile Rack 
(make 1) Aluminum 0.1 7.0 7.2 -0.2 -2.78% 
Wing Angle 
(make 4) Steel 0.28 4.43 4.3 0.13 3.02% 
Base Angle 
(make 2) Steel 0.28 4.4 4.3 0.1 2.33% 
Missile 
(make 2) Steel 0.28 11.38 11.6 -0.22 -1.90% 
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Figure 3.2: Component Geometrical Details of the CAD Model 
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3.3 Uncertainties with the Mass Properties 
It is observed that mass properties of the Pro/E model are a little different than those of 
physical model. Significant difference in mass is observed in case of aluminum plates due 
to their uneven thicknesses. The plates used are made up of rolled aluminum (Al) so it is 
difficult to maintain the constant thickness of plates.  
 
To measure the uncertainty involved in the thickness of plates, the thickness of each plate 
was measured at various locations of the plate. Since the number of thickness readings 
taken is finite, they are supposed to follow a student-t distribution. Using the properties of 
the student-t distribution the variation in thickness is calculated, and is summarized in 
Table 3.2.  
 
The mean thickness of each Al plate and the corresponding 95% Confidence Interval (CI) 
are shown in the bar graph shown in Figure 3.3. 
 
Table 3.2: Student-t distribution of Al plate thicknesses 
 
Thickness (In) 
Component 
Mean 
Upper 
95% 
Mean 
Lower 
95% 
Mean 
Std Dev 
Std. 
Error 
Mean 
N 
Base Plate 0.76425 0.7657818 0.7627182 0.0018323 0.0006478 8 
Vertical Plate 0.7685 0.7718141 0.7651859 0.0039641 0.0014015 8 
Wing 0.520375 0.522159 0.518591 0.0021339 0.0007545 8 
Missile Rack 0.5135 0.5159881 0.5110119 0.0029761 0.0010522 8 
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Figure 3.3: Mean Thickness Values and 95% CI Limits of Al Plates 
 
From Figure 3.2, it can be seen that the thickness of the base plate and vertical plate is 
supposed to be 0.75 inches and that of the wing plate and the missile rack to be 0.5 
inches.  However, the mean thickness values and corresponding 95% CI limits in Figure 
3.3 show that the actual thicknesses of the Al plates are on the higher side. This justifies 
the higher mass values of the physical model observed in Table 3.2. 
 
There are uncertainties associated with other mass properties of the model such as the 
moment of inertia, the location of center of gravity, etc. However, for further analysis, 
they are assumed to be consistent with the physical model.   
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 3.4 Summary 
The development of the pylon structure CAD model was discussed in this chapter. The 
details of the geometry and the mass properties of the CAD model were compared with 
the physical model. Finally, the uncertainties associated with the mass properties of the 
CAD model and the possible sources of these uncertainties were discussed.   
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CHAPTER 4 
MODAL ANALYSIS OF PREVIOUS MODELS 
 
The finite element (FE) method is a general method to model and simulate the physical 
behavior of complex structures. To increase the accuracy in the results of dynamic 
multibody systems, the flexibility data obtained from FE analysis in rigid multibody 
model is required. This makes the finite element model, the single most important 
component of a flexible multibody model. The mass properties of the flexible body 
model will come from the finite element model. However, due to the large scale of the FE 
model, only modal analysis obtained from the FE model is directly integrated with 
multibody systems. 
 
Modal analysis is a way of describing the response of an object to vibration forces that 
act upon it. Using this tool, vibratory motion of a structure can be broken down to a 
summation of a number of modes called normal modes. Each mode is characterized by 
unique modal parameters such as natural frequency, damping and mode shape. 
 
Modal analysis can be performed either experimentally or analytically using the FE 
method. In both cases, the goal is to determine the modal parameters, and thus develop 
the modal model that describes the dynamic properties of the object under study. 
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 This chapter mainly discusses the previous work of modal analysis of the pylon structure 
i.e. using the detailed FE model and the experimental modal model. 
 
4.1 Modal Analysis using Detailed FE Model 
A detailed finite element model of the simplified pylon structure using Patran/Nastran has 
already been developed by Brock Birdsong [1]. A screen capture of the FE model is 
shown in Figure 4.1. 
 
The finite element model is made up of 0 DoF mass elements, 1 DoF beam elements, 1 
DoF bushing elements, and 2 DoFs shell elements. The model contains a total of around 
135,000 DoFs.  The finite element model is an approximation of the physical structure; 
however to increase its accuracy, the bracket joints are modeled with great detail.   To 
represent the bolt assembly, Multi-Point Constraint (MPC) elements are used. These 
elements add constraints to relative DoFs between the node points. In this model, the 
Rigid Body Element (RBE2) type of MPC elements are used to represent the washers.  
 
Moreover, double CBUSH elements in the Nastran designation are used to increase local 
stiffness at joint location as shown in Figure 4.2.   
 
The modal analysis of this FE model was done using Nastran. The eigenvalues and the 
natural frequencies of the first few normal modes obtained with the base plate fixed to the 
ground are given in Table 4.1. The corresponding mode shapes are shown in Figures 4.3 
to 4.7.  
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Figure 4.1: A Highly Detailed FE Model of Pylon Assembly [1] 
 
 
 
 
Figure 4.2: Double CBUSH Elements to Increase Local Stiffness [1] 
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Table 4.1: Summary of modal analysis of FE model [1] 
 
 
 
 
 
 
 
Figure 4.3: Mode 1 – 8.28 Hz [1] 
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Figure 4.4: Mode 2 – 5.78 Hz [1] 
 
 
 
 
Figure 4.5: Mode 3 – 17.2 Hz [1] 
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Figure 4.6: Mode 4 – 36.36 Hz [1] 
 
 
 
 
 
Figure 4.7: Mode 5 – 86.87 Hz [1] 
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 In order to validate the FE model, the modal data obtained from the FE analysis is 
compared with experimentally measured modal data. The details of obtaining modal data 
from experimental modal testing are given in the next section.  
 
4.2 Modal Analysis Using Experimental Modal Test 
Experimental modal analysis has grown steadily in popularity since the advent of the 
digital FFT spectrum analyzer in the early 1970’s. Nowadays, impact testing has become 
widespread as a fast and economical means of finding the modes of vibrations of a 
structure [36].   
 
Experimental modal analysis provides a means to use measured data to characterize the 
dynamic response of very complex structures [33]. Generally, experimental modal tests 
are performed to correlate and update complex finite element models. The physical 
model is tested under controlled conditions but the test-correlated model can be used to 
predict dynamic behavior of the model in different operating environments. Thus, 
experimental approach gives confidence about the structure and can be used as validation 
for the model. 
 
However, there are limitations to the number and quality of modes measured and the 
level of difficulty increases with the modal frequency. Real continuous structures have an 
infinite number of DoFs and an infinite number of modes. From a testing point of view, a 
real structure can be sampled spatially at as many DoFs as we like [36]. Practically, it is 
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 necessary to determine up front the range of modes that is necessary for an adequate 
representation.  
 
The experimental modal testing of the pylon model under study was done at Aviation and 
Missile Research, Development, and Engineering Center (AMRDEC) by the Platform 
Integration Function. The test setup is shown in Figure 4.8. 
 
LMS Test.Lab software was used to analyze the test results. A pretest analysis was done 
to determine the minimal sensor locations and optimum driving point locations. The 
details of this method are not included in this work. Figure 4.9 shows the experimental 
modal model. The results of experimental modal analysis are given in Table 4.2. 
 
 
 
Figure 4.8: Experimental Modal Test Setup [1] 
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Figure 4.9: Experimental Modal Model [1] 
 
Table 4.2: Experimental vs. detailed FE Model natural frequencies [1] 
 
Frequencies (Hz) Mode 
No. Experimental 
Modal Test  
Detailed FE 
Model  
1 8.66 8.28 
2 17.08 15.78 
3 17.33 17.22 
4 38.69 36.36 
5 91.83 86.87 
6 135.88 171.03 
7 178.22 174.67 
8 190.67 219.71 
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 4.3 Validation of FE Model 
The results of modal analysis obtained from the detailed FE model introduced in section 
4.1 are compared with the experimentally measured modal data in order to validate the 
model. There should be a common basis for the comparison. The boundary conditions for 
both approaches are maintained the same as base plate fixed to the ground. The 
comparison of natural frequencies of normal mode shapes obtained from both methods is 
given in Table 4.2. It is observed that the frequencies obtained by both approaches are 
quite close. A detailed discussion about these results is given in Chapter 7. 
 
4.4 Summary 
In this chapter, the previously developed modeling approaches for the modal analysis of 
the pylon structure were introduced. The experimental modal data can be used to validate 
the results of modal analysis of the flexible multibody model and the detailed FE model.  
The modal data obtained from the detailed FE model can be used to develop the flexible 
multibody model; however the detailed FE modeling increases the FE problem size and 
consequently the computational effort. Moreover, it requires a significant amount of 
effort to build such a model, especially during inclusion of the local joint details, as 
discussed in this Chapter. 
 
To reduce these efforts, the Craig-Bampton approach for building flexible body model is 
employed in this thesis. The next chapter discusses the analytical background of this 
approach in details.  
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CHAPTER 5 
THEORETICAL BACKGROUND OF THE FLEXIBLE 
MULTIBODY DYNAMICS  
 
The various stages involved in the analysis of the flexible multibody system such as rigid 
body dynamics, the FE analysis and the use of component mode synthesis are already 
introduced in Chapter 2. In this chapter, the theoretical background for each of these 
different stages of analysis is provided. Also, the equations which govern dynamics of 
multibody system and the Craig-Bampton method are discussed briefly.  
 
5.1 Multibody Dynamics 
In general, a multibody system can be decomposed into a series of bodies, joints, 
constraints and force elements [33]. The bodies can be either rigid or flexible. In the rigid 
multibody model the bodies are assumed to be rigid i.e. the distance between any two 
points on body remains constant. The flexible bodies are created from a combination of a 
rigid body model and a collection of deformation modes which are superimposed on the 
rigid body motion to form the flexible multibody model. A brief discussion about the 
constraints, joints and the force elements generally used in the multibody system is given 
in following subsections. 
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 5.1.1 Kinematic constraints 
In most multibody systems, the kinematic constraints are imposed on the relative position 
and orientation of pairs of bodies that are connected by a joint. The joints are formulated 
from the following basic constraints [16] given in Table 5.1. The physical interpretation 
of the basic constraints can be given as follows. 
 
The distance constraint maintains the constant distance between the points on two bodies. 
As the name implies, its function defines the distance between the joint locations on each 
body, regardless of body orientation. 
 
The spherical constraint is a point constraint between two bodies. It constrains the 
relative translational DoFs of the bodies, but allows for three rotational DoFs between the 
bodies at a common point. 
 
The orthogonal type 1 constraint is used to express an orthogonality condition between 
two unit vectors on different bodies, and the orthogonal type 2 constraint is used to 
express an orthogonality condition between unit vector on one body and the distance 
vector connecting two bodies. 
 
The parallel type 1 constraint represents that a unit vector on one body is parallel to a unit 
vector on another body. This constraint is formulated using two orthogonal type 1 
constraints. The parallel type 2 constraint is used to express that a unit vector on one 
body is parallel to the distance vector connecting two bodies. This is done using two 
orthogonal type 2 constraints. 
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Table 5.1: Basic Constraints 
 
Constraint Type No. of relative DoF constrained 
Distance 1 
Spherical 3 
Orthogonal Type 1(ortho-1) 1 
Orthogonal Type 2(ortho-2) 1 
Parallel Type 1 (parallel-1) 2 
Parallel Type 2 (parallel-2) 2 
 
 
Other than these constraints, the position and the driving constraints are commonly used 
in multibody systems. The definitions and the characteristics of these constraints can be 
found in [16]. 
 
5.1.2 Kinematic joints 
In a multibody system, the bodies are connected by joints which define the number of 
relative DoF between the two bodies. Joints can be classified as lower kinematic pairs 
(bracket, revolute, translational, spherical, etc.) which do not require a geometric 
definition and higher kinematic pair (cam-follower, etc.) which require geometric shapes 
to be defined. The formulation of the lower pair joints from the basic constraints is 
summarized in Table 5.2. The details about these formulations are given in [16]. 
 
5.1.3 Force elements 
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The force elements are used to interface between two bodies which are not connected, 
with conventional kinematics such as joints or constraints, but connected through springs, 
dampers and actuators.  
  
 
Table 5.2: Lower pair joints 
 
Joint Type Kinematic Constraints used to define joint 
No. of 
relative 
constraints 
No. of 
relative 
DoF 
Spherical spherical 3 3 
Translational parallel-1, parallel-2, ortho-1 5 1 
Revolute spherical,  parallel-1 5 1 
Universal spherical, ortho-1 4 2 
Cylindrical Parallel-1, parallel-2 4 2 
Bracket 3 ortho-1, 3 ortho-2 6 0 
 
 
Some examples are Translational Spring Damper Actuators (TSDA) and Rotational 
Spring Damper Actuators (RSDA). These force elements show compliant connections 
between two points (connection points) on two different bodies. The detailed description 
of the force elements and corresponding force calculation can be found in [13]. 
 
5.1.4 Equations of motion of rigid-body multibody dynamic system 
The detailed formulation of equations that govern spatial dynamics of rigid body 
mechanism is given in many texts [8, 10, and 11]. Some of the important equations [8] 
and their formulation are discussed in this section. Figure 5.1 shows Cartesian coordinate 
approach of defining configuration of the system. 
 
For general body i, the generalized coordinates used can be represented as  
  (5.1) 
TiTiTi Rq },{ θ=
where  describes the location of the origin of body axes relative to                   Tiiii RRRR },,{ 321=
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Figure 5.1: Reference Coordinates of Rigid Body i  
 
global inertial reference frame. Generally, a centroidal body reference frame is used 
where the origin of the body reference frame is at C.G. of the body.  
describes the orientation of body relative to a global inertial reference frame. Generally, 
Euler angles, Bryant angles or Euler parameters are used to define orientation of the 
body. 
Tiiii },,{ 321 θθθθ =
 
Using these generalized coordinates, the global position vector of any point pi on the 
body i can be defined as  
 iiii uARr +=  (5.2) 
where  is the transformation matrix from the iiA th body coordinates to the inertial frame 
and iu is the location of point pi with respect to the body coordinate system. 
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 The connectivity between different bodies in the system is represented by a set of 
nonlinear algebraic constraint equations. These kinematic constraints can be written in 
vector form as 
 0),( =tqC  (5.3) 
where C is the vector of linearly independent constraint  equations, t is time, and q is the 
total vector of the multibody system generalized coordinates given by 
, in which n is total number of bodies in the system. TnTTT qqqq }....,{ 21=
 
 Using Lagrange’s equation the system equations of motion of the rigid body i in the 
multibody system can be written as  
  (5.4)  iTq
ii QCqM i =+ λ&&
where iM  is the mass matrix, is the constraint Jacobian matrix, iqC λ  is the vector of 
Lagrange multipliers, Q  is generalized force vector. With the use of centroidal body 
reference frame, the mass matrix can be written as  
i


= × '330
0
i
i
i
J
Im
M  
where  is the mass of the body i and inertia tensor associated with rotational 
coordinates of body reference frame of the body i. 
im 'iJ
 
The differential equations of motion for the whole system can be written in matrix form 
as  
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   (5.5) QCqM Tq =+ λ&&
Now, if we differentiate Eq. (5.3) twice with respect to time, we get 
tq CqC −=&  
 qCqqCCqC qtqqttq &&&&& 2)( −−−=  (5.6) 
where Ct  is the partial derivative of C with respect to time. 
Let Q , then Eq. (5.6) can be written as  qCqqCC qtqqttcc &&& 2)( −−−=
  ccq QqC =&&  (5.7) 
Combining Eqs. (5.5) and (5.7), we get 
  (5.8)        



=







ccq
T
q
Q
Qq
C
CM
λ
&&
0
Equation (5.8) is a system of algebraic equations that can be solved for the acceleration 
vector q and the vector of Lagrange multipliers. Using initial conditions, the acceleration 
vector can be integrated to obtain the velocities and the generalized coordinates [8].   
 
5.2 Flexible Multibody Dynamics 
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In flexible multibody analysis, the deformation of the bodies is also considered along 
with rigid body motion. Among the different kinematic formulations of flexible 
multibody system introduced in Chapter 2, the floating frame of reference method is 
currently the most widely used method in general purpose multibody computer 
programs[7].  
  
5.2.1 Equations of motion of the flexible multibody dynamic system  
The various types of formulations of the flexible multibody dynamic problem were 
introduced in Chapter 2. In the floating frame of reference [7], two sets of coordinate are 
used, namely reference and elastic. Reference coordinates define the location and 
orientation of a selected body coordinate system, while elastic coordinates define the 
deformation of the body relative to its coordinate system as shown in Figure 5.2. 
 
The global position vector (vector loop equation) of any arbitrary point on the deformable 
body i can be written as  
 )( if
i
o
iii uuARr ++=  (5.9) 
 
 
 
 
 
Figure 5.2: Floating Frame of Reference for Body i [1] 
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This equation is similar to Eq. (5.2) except for ifu , which represents the deformation 
variables. However, it can be seen that there is no separation between the rigid body 
motion and the elastic deformation. In this formulation, the deformation of bodies can be 
described using the finite element method or the component mode technique. 
 
The equation of motion of a deformable body i can be written in general form as  
  (5.10) ic
i
v
i
e
iiii QQQqKqM ++=+&&
where  is the vector of externally applied forces, Q  is vector of Coriolis and 
centrifugal forces, and  is the vector of the constraint forces. The vector of the 
constraint forces can also be expressed in terms of the vector of Lagrange multiplier 
i
eQ
i
v
i
cQ
λ  as 
   (5.11) λTqic iCQ −=
where C is the constraint Jacobian matrix associated with body i.  iq
The equation of motion of the multibody system can be written as [7] 
  (5.12) cve QQQKqqM ++=+&&
The vector of generalized coordinates of the multibody system can be partitioned as 
 { }TTfTr qqq =  (5.13)  
where subscripts r and f  refer to reference and elastic coordinates, respectively. 
This coordinate partitioning is used in the equations of motion of the flexible multibody   
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 system as follows [7]              
  (5.14) 
cf
r
vf
r
ef
r
f
r
fff
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fffr
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Q
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where  and represent the generalized forces associated with the rigid body 
reference and the modal (elastic) coordinates respectively. It should be noted that the 
stiffness matrix is the same as the one used in structural dynamics, as the elastic 
coordinates are defined in the body coordinate reference frame. 
rQ fQ
 
Using Eq. (5.11), Eq. (5.14) can be written in terms of Lagrange multipliers as 
  (5.15) { }



=
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where and  contain the external, Coriolis and centrifugal forces as well as the 
elastic forces. 
rQ fQ
Using coordinate partitioning, Eq. (5.7) can be written as 
  (5.16) [ ] { cc
f
r
qfqr Qq
q
CC =




&&
&& }
Using the augmented method [7], in which the system dynamic differential equation 
using Lagrange multipliers, Eq. (5.15), is adjoined to the kinematic constraint equations,        
Eq. (16),   the equation of motion of the system can be derived as 
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   (5.17) 
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This system can be solved for the reference and elastic accelerations as well as the vector 
of Lagrange Multipliers. 
 
5.3 Use of Modal Data in the Flexible Multibody System 
Component mode synthesis (CMS) is a well known method for coupling of substructures 
in structural dynamics. This method is developed for analyzing complex structural 
systems that can be divided into interconnected components. This approach has been 
extended to perform dynamic analysis of mechanical systems containing flexible bodies. 
In flexible multibody dynamics, the component mode technique is preferred to finite 
element method to reduce the dimensionality of the problem. The use of modal 
coordinate reduces the number of coordinates used in analysis as compared to finite 
element method and improves the computational efficiency of the model.  
 
The deformation vector in Eq. (5.9) can be written in modal coordinates as  
 [ ] iiif au }{Φ=  (5.18) 
where and{ are the modal matrix and the modal coordinate vector associated with 
body i.  
[ ]iΦ ia}
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 Generally, in classical structural dynamics the first few vibration modes with lower 
frequencies are used for dynamic analysis. In a multibody system, the reaction forces at 
the kinematic joints and concentrated force elements such as RSDAs and TSDAs cause 
local deformation at their connecting points. To capture the effect of nonlinearity caused 
by the local deformation, large numbers of vibration modes are required. In CMS, static 
correction modes are introduced to account for constraint induced deformations [28].  
 
There are two approaches of using static correction modes. In one approach, ‘static 
attachments modes’ are used which are obtained by applying unit force at each interface 
point. In this approach, to exclude the effect of rigid body modes of an unconstrained 
component, the attachment modes are defined in a different manner, which are called 
‘inertia relief attachment modes’ [37]. When attachment modes are employed in CMS 
along with the free interface normal modes, some of the modes show linear dependence. 
To avoid this problem ‘residual attachment modes’ [37] are defined, which are linearly 
independent of the selected free interface normal modes. This approach is commonly 
known as the ‘Craig-Chang Method’ of CMS.  
 
This approach is extended to unrestrained components by using ‘residual inertia relief 
attachment modes’ in place of the residual attachment modes. The residual inertia relief 
attachment modes provide the logical complement of a mode set consisting of the rigid 
body modes and the selected free interface normal modes. The details of the formulation 
of these component modes can be found in [37].  
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 In the second approach, ‘static constraint modes’ are used. This approach, which is 
known as ‘Craig- Bampton method,’ is described in the next section.  
 
5.4 The Craig-Bampton Method 
As the structure becomes larger and more complicated, more complex FE models of large 
size are required to represent their response. The number of DoF needed to represent a 
complex structure is reduced using CMS in order to reduce the effort and complexity of 
the model. Among the various CMS techniques, the Craig-Bampton Method is the most 
straightforward and also one of the most widely used techniques [37]. This method of 
CMS consists of reducing a FE model into a set of generalized mass and stiffness 
matrices of the components which can be connected to physical interface points. This 
approach provides reduced problem size and ease of use as it allows multiple 
configurations of the components. Moreover, for very large and complex structures, the 
component FE models can be developed by different engineering groups or at different 
times which can be coupled together using Craig-Bampton method.   
 
The Craig-Bampton mode set consists of a truncated set of component normal modes and 
static constraint modes. The component normal modes can be classified as fixed 
interface, free interface, or hybrid interface normal modes according to boundary 
condition selected at joint interface [37]. The normal modes can be obtained using an 
eigenvalue problem given as  
 0  (5.19) )( 2 =− NMK φω
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 where K and M are stiffness and mass matrices, respectively, obtained from the FE 
analysis of a component. The eigenvectors (normal modes) are mass normalized as  
  (5.20)                         IM N
T
N =φφ
 which results in 
  (5.21) )( 2ωφφ diagK NTN =
where Nφ  is a truncated (kept) normal mode matrix. To reduce the dimensionality of the 
problem, only significant normal modes with lower natural frequencies are kept in the 
modal matrix for dynamic analysis.  
 
Let the nodal coordinates of component FE model be partitioned into sets C relative to 
which constraint modes are to be defined, and let I be the complement of C. A constraint 
mode is defined by statically imposing a unit displacement on one of the nodal 
coordinates in set C and zero displacement on the remaining coordinates of C set [37]. 
Thus, the set of static constraint modes can be defined by the equation  
  (5.22) 

=




cc
ic
cc
ic
ccci
icii
RIKK
KK 0φ
where  contains the reaction forces at the C coordinates and an identity matrix,  
represents successively applied unit displacement on the C coordinates. Using Eq. (5.22) 
the constraint mode matrix can be written as 
ccR ccI
  (5.23) 

−=

≡
−
cc
icii
cc
ic
c I
KK
I
1φφ
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 It should be noted that the number of constraint modes depends on the type of joint at the 
interface. For example, a spherical joint can only impose a reaction force at the interface 
point in the translational DoFs and hence it will create three corresponding constraint 
modes. The constraint modes associated with some of the lower pair joints are 
summarized in Table 5.3. 
 
From Eqs. (5.19) and (5.23), the Craig-Bampton mode set can be written as 
 [ ]cN φφφ =  (5.24) 
The modal mass and modal stiffness matrices for the reduced system are obtained from 
the mode set defined in Eq. (5.24) as  
  (5.25) φφ MM TM =
   (5.26) φφ KK TM =
where M, K are mass and stiffness matrices of the FE model of a component. 
 
Table 5.3: Static constraint modes associated with the joints 
 
Joint Type Relative DoFs constrained Total no. of constraint modes 
Spherical  Translational-3 3 
Translational Translational-2, Rotational-3 5 
Revolute Translational-2, Rotational-3 5 
Universal Translational-3, Rotational-1 4 
Cylindrical Translational-2, Rotational-2 4 
Bracket Translational-3, Rotational-3 6 
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 5.5 Orthonormalization of Modes 
Orthonormalization is a numerical procedure to decouple the modal mass matrix with 
respect to the modal stiffness matrix [38]. An orthonormal mode set spans the same 
vector space as the original Craig-Bampton mode set. The process of orthonormalization 
is followed to detect the rigid body modes and the high frequency content of the chosen 
mode set.  
 
Let the original Craig-Bampton mode set be ][ MN×φ , where N is the number of DoFs of FE 
model of a component and M is the total number of modes present in the Craig-Bampton 
mode set. In order to determine an orthonormal mode set, which spans the same space as 
the original mode set, the following generalized eigenvalue problem of order of MM ×  
is solved. 
 0)( =− xMK MM λ  (5.27) 
where is the modal mass matrix,  is modal stiffness matrix. The resulting 
eigenvectors   are stored column wise in matrix 
MM MK
,ix Mi ,...1= ψ . The orthonormal mode 
set can be obtained as  
  (5.28) [ ] [ ] [ MMMNo MN ××× = ψφφ ]
]where [ RR×ψ  is the transformation matrix  and  is the new orthonormal mode set. [o MN×φ ]
 
It is possible that the modes in the original setφ  may not be linearly independent. In this 
case, the modal mass matrix is not positive definite and hence the eigenvalue problem 
 47
 stated in Eq. (5.27) can not be solved. To avoid this problem, linearly dependent modes 
should be eliminated in a preprocessing stage [38].  
 
In the transformed orthonormalized mode set, some modes with zero or close to zero 
eigenvalues may be present. These are rigid body modes which come from a linear 
combination of the constraint modes. These modes should be eliminated for further 
analysis, as rigid body motion is already considered in the equation of motion obtained 
from the rigid multibody dynamics, Eq. (5.8). 
 
5.5 Summary 
In this chapter, the analytical methods used at the various stages of modeling were 
discussed in detail. Most general purpose multibody software is based on these analytical 
methods. The analytical approach described in this chapter is valid for any general 
flexible multibody system modeling. The details of the flexible multibody modeling 
techniques of simplified pylon structure are given in next chapter. 
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CHAPTER 6 
DEVELOPMENT OF THE FLEXIBLE MULTIBODY 
MODEL 
 
6.1 Introduction 
In the previous chapter, the analysis of a flexible multibody system was discussed 
without loss of generality. This chapter discusses details in the process of developing 
flexible multibody model of the pylon structure. This process is summarized by the 
flowchart shown in Figure 6.1.   
 
The process starts with the CAD model developed using Pro/E in Chapter 3. The FE 
models of various components of the pylon structure are then developed using the 
commercial FE code MSC Patran/Nastran. Finally, the rigid and flexible multibody 
models are developed using the mechanical systems simulation software, LMS 
Virtual.Lab Motion. Some of the important features of LMS Virtual.Lab Motion software 
are introduced in the next section. 
 
6.1.1 LMS Virtual.Lab Motion software 
LMS Virtual.Lab Motion (VL) is essentially an updated version of the Dynamic Analysis 
Design System (DADS) code which has been one of the most commonly used general 
purpose software for the dynamic analysis of multibody systems. The VL solution allows 
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  and high frequency modes            
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Figure 6.1: Process of Flexible Multibody Modeling 
 
users to model and simulate rigid or flexible body mechanical systems, to refine their 
dynamic behavior, and to predict component and system loads for use in structural 
analysis, noise and vibration simulation, fatigue life prediction and other fields [38]. The 
software provides efficient interfaces with the CAD software Pro/E and with the Nastran 
FE analysis software. Moreover, the ‘Nastran Analysis Driver’ solution pack provided 
with the software facilitates the modeling procedure for this particular project.  
 
6.2 Development of the Rigid Multibody Model 
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Upon completion of the Pro/E CAD model, it can be easily translated into the VL 
software. To develop the rigid multibody model, the CAD models of the components are 
 imported separately and they are then joined together with kinematic joints, available in 
VL environment. For this particular model, all the kinematic joints used are bracket 
joints. The rigid body model of the pylon structure is shown in Figure 6.2. 
 
It should be noted that the rigid body model consists of four Aluminum plates only. Since 
the kinematic joint constraints are imposed on the bodies with the inclusion of bracket 
joint in VL, the angle irons are not incorporated separately in the rigid body model to 
simplify the modeling process. The inertia effect of angle irons and missile rods is taken 
into account in FE model and consequently in the flexible body model. This approach is 
detailed in a later section of this Chapter.  
 
In the rigid body model, the mass properties of the bodies are directly translated from its 
CAD model. After importing the CAD models of individual components the body 
coordinates reference frame at C.G. of body and joint reference frame (axis system) at 
joint location are defined. The base plate is defined to be fixed to the ground. In this 
model, only bracket joints are used to connect the bodies. A bracket joint prevents all 
relative motion i.e. translation and rotation between two bodies. The physical meaning of 
the constraints imposed by a bracket joint is explained in Table 6.1.   
 
The bracket joint is defined by selecting an axis system on each of two bodies. The axis 
systems are made coincident to assemble the two bodies. Figure 6.3 shows the global 
reference frame, the centroidal body reference frames and the joint coordinate reference 
frame for two bodies, which are to be connected by a bracket joint. 
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Figure 6.2: Rigid Body Model 
 
Table 6.1: The physical interpretation of bracket joint constraints [38] 
 
Constraint No. Constraint Meaning 
1 The origin of axis system 2 is constrained to be in the y-z plane of axis system 1 
2 The origin of axis system 2 is constrained to be in the x-z plane of axis system 1 
3 The origin of axis system 2 is constrained to be in the x-y plane of axis system 1 
4 The y axis of axis system 1 is constrained to be perpendicular to the z axis of the axis system 2 
5 The z axis of axis system 1 is constrained to be perpendicular to the x axis of the axis system 2 
6 The x axis of axis system 1 is constrained to be perpendicular to the y axis of the axis system 2 
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Figure 6.3: Construction of a Bracket Joint 
 
6.3 Development of the FE Model 
The flexible dynamics simulation requires vibration modal data. This consists of both the 
fixed interface normal modes and the static constrained modes associated with the 
components. The FE model is developed and vibration analysis is performed to solve for 
the normal mode. Since CMS technique is used to develop flexible multibody model of 
pylon structure, the FE model of each component is developed separately. This approach 
simplifies the procedure of FE modeling, as the local joints are not required to be 
modeled.  
 
A detailed FE model of the complete pylon structure developed by Brock Birdsong [1] is 
already introduced in Chapter 4. The detailed FE modeling of a local joint is a very 
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 cumbersome task. For example, the use of RBE2 elements to capture the effect of the 
washer in bolt assembly is shown in Figure 6.4. A lot of effort in modeling especially 
during meshing can be saved, if the components are modeled separately, such as in the 
approach used in this thesis.  
 
6.3.1 Material properties of composite section at a joint location 
The FE model of each component should consider the effects of the aluminum plate, 
angle irons and the bolt assembly. The dimensional details of the angle irons used in a 
bracket joint are shown in Figure 6.5.  To simplify the modeling procedure, the holes and 
the bolt assembly at the joint locations were not modeled with a lot of details; instead, a 
composite material approach at a joint location is used to account for their effect.  
 
The composite section consists of part of the aluminum plate with holes, angle irons and 
bolt assembly. The composite section is modeled using shell elements with additional 
thickness of angle irons. Figure 6.6 shows the use of composite section with additional 
 
 
 
Figure: 6.4: Use of RBE2 Elements to Represent Washer [1] 
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Figure 6.5: Bracket Joint Details 
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Figure 6.6: Use of Composite Section at Vertical Plate-Wing Plate Joint Interface 
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 thickness to represent angle irons and the bolt assembly at vertical plate-wing plate joint 
interface. It is required to calculate the material properties of composite section 
separately. The most common material properties used in finite element modeling are 
density, Young’s modulus and Poisson’s ratio. The density calculation for a composite 
material is given in Tables 6.2a and 6.2b. 
 
To calculate Young’s Modulus of the composite material cantilevered plate; the 
composite section and other section, with layers of aluminum plate and angle irons, are 
modeled separately. The two cantilevers are subjected to the same force and Young’s 
modulus of composite material is varied such that the deflection of the tip of the 
cantilever remains the same in both cases. Details of these two models are shown in 
Figure 6.7.  The properties of various materials are summarized in Table 6.3. 
 
 
 
Figure 6.7: Calculation of Young’s Modulus of Composite Material 
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Table 6.2: Calculation of density of composite material 
 
(a) 
Details Volume  (in3) 
Density  
(lb/in3) 
Mass  
(lb) 
Solid angle irons (half) 
 (1.5 x 24 x 0.25 +1.25 x 24 x 0.25)/2 0.28 2.31 
Hole in angle irons (π/ 4) x 0.5542x 0.25 - 0.28 - 0.0169 
Part of aluminum Plate at joint 
(Vertical Plate) 1.5 x 0.75 x 24  0.1 2.7 
Part of aluminum Plate at joint 
(Wing/ Missile Rack) 1.5 x 0..5 x 24  0.1 1.8 
Hole in aluminum 
Plate (Vertical plate) (π/ 4) x 0.554
2x 0.75 - 0.1 -0.0181 
Hole in aluminum 
Plate (Wing/ Missile Rack) (π/ 4) x 0.554
2x 0.5 - 0.1 - 0.0121 
 
(b) 
Mass (lb) 
Component 
Joint 
inter-face 
with 
 
Solid 
angle 
irons 
(half) 
Bolt 
assembly 
 
Al 
plate 
 
Holes in 
angle irons 
Holes in 
Aluminum 
plate 
Total 
Mass 
(lb) 
Volume 
(in3) 
Densit
y 
(lb/in3) 
Base Plate 2 x 2.31 5 x 0.185 2.7 
-(10 x 
0.0169) -(5 x0.0181) 7.9856 1.5x24x1.25 0.177 
Vertical Plate Wing 
Plate 2.31 6 x 0.185 2.7 
-(6 x 
0.0169) -(6 x0.0181) 5.91 1.5x24x1.0 0.1642 
Vertical 
Plate 
2 x 
2.31 5 x 0.185 1.8 
-(10 x 
0.0169) -(5 x0.0121) 7.116 1.5x24x1.0 0.1977 
Wing Plate 
Missile 
Rack  2.31 6 x 0.185 1.8 
-(6 x 
0.0169) -(6 x0.0121) 5.0463 1.5x24x0.75 0.1869 
Missile Rack Wing Plate 
2 x 
2.31 5 x 0.185 1.8 
-(10 x 
0.0169) -(5 x0.0121) 7.116 1.5x24x1.0 0.1977 
 
 
Table 6.3: Summary of material properties 
 
Material Young’s Modulus (lb/in3) Poisson’s Ratio 
Aluminum 10 x 106 
Steel 30 x 106 
Composite 20 x 106 
 
0.3 
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 6.3.2 FE model of the vertical plate 
The finite element model of the vertical plate is shown in Figure 6.8. The elements used 
are CQUAD4 (quadrangular) shell type elements in the Nastran designation. The material 
properties used are given in Tables 6.2 and 6.3. The summary of the FE model is given in 
Table 6.4.   
 
6.3.3 FE model of the wing plate 
The finite element model of the wing plate is shown in Figure 6.9. The elements used are 
CQUAD4 shell type elements. The material properties used are given in Tables 6.2 and 
6.3. The summary of FE model is given in Table 6.4. 
 
6.3.4 FE Model of the missile rack 
The finite element model of the missile rack is shown in Figure 6.10. The plate is 
modeled using CQUAD4 shell type elements. The missile rods (steel rods) are modeled 
using CBAR2 beam type elements. The steel rods are bolted to the Aluminum plate. The 
mass of the bolt assembly is represented using point mass elements (CONM2). The 
constraints imposed by bolt assembly can be modeled using Multi-Point Constraint 
(MPC) type elements. RBE2 elements, which are already introduced in Chapter 4 are 
used for this purpose. The material properties used are given in Tables 6.2 and 6.3. The 
summary of FE model is given in Table 6.5. 
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 Table 6.4: Summary of FE models of the vertical plate and the wing plate 
 
Component Vertical Plate Wing Plate 
No. of grid points (nodes) 3492 2910 
No. of  CQUAD4 elements 3360 2784 
Degrees of Freedom 20952 17460 
 
 
 
 
Figure 6.8: FE Model of the Vertical Plate 
 
 
 
Figure 6.9: FE Model of the Wing Plate 
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Table 6.5: Summary of FE model of the missile rack 
 
Component Missile Rack 
No. of grid points (nodes) 687 
No. of CBAR elements 48 
No. of  CONM2 elements 5 
No. of  CQUAD4 elements 576 
No. of  RBE2 elements 5 
Degrees of Freedom 4122 
 
 
 
 
 
Figure 6.10: FE Model of the Missile Rack 
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 6.4 Development of the Flexible Multibody Model  
The flexible body model is developed by combining the rigid model and the FE model 
discussed in previous sections. The CAE interface of VL allows the direct translation of 
FE model from Patran into VL environment. The translation should be done in a way 
such that the FE mesh matches with the rigid body geometry and the interface points at 
the joint location should be coincident with the node points of the FE mesh. It should be 
noted that the base plate is treated as a rigid body since it is fixed to the ground. 
The next step of flexible body modeling is the inclusion of the modal data associated with 
the FE models. The Craig-Bampton mode set for each component which includes a 
truncated set of fixed interface normal modes and static constraint modes can be obtained 
directly in VL, using ‘Nastran Analysis Driver’.  
 
Before using the Nastran Analysis Driver it is required to define the boundary conditions 
for the node points along the joint interface. Since the bracket joint constrains all relative 
DoFs, the boundary condition in this case is to constrain all DoFs associated with the 
node points. In the rigid body model, the bracket joint between two bodies is defined by 
making two axis systems coincident, and the boundary condition is imposed on just one 
node point which is the origin of the axis system. Ideally, all the node points along the 
joint interface should be constrained; but it results in increased problem size and 
consequently the computational efforts required solving the problem, as there is one static 
constrained mode associated with each constrained DoF. A practical compromise is made 
to reduce the problem size as the constraints are applied on the three node points along 
the joint interface as shown in Figure 6.11.   
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Figure 6.11: Constraints imposed on selected node points 
 
In this case, even if the bracket joint is used to connect two bodies, the node points can 
have absolute DoFs in the xz plane. The bracket joint prevents sagging along the y axis. 
To account for these practical issues, engineering judgment is used to define boundary 
conditions at node points. The constraints of the translational motion along the x and z 
axes and the rotational motion about y axis are excluded for some node points. The 
completed flexible multibody model of the pylon structure is shown in Figure 6.12.  
 
6.5 Summary 
In this chapter, the creation of the flexible multibody model of the pylon structure was 
documented. The details of various stages of the flexible multibody modeling process 
such as the development of the rigid body model and development of the FE model with 
simplified ‘composite section’ approach, were given. The boundary conditions imposed  
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Figure 6.12: Flexible Multibody Model 
 
on the nodes along the joint interface to create Craig-Bampton mode set were discussed. 
Details about the fixed interface normal modes and the static constrained modes obtained 
with these boundary conditions, selection of mode shapes and their orthonormalization 
are discussed in the next chapter.  
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CHAPTER 7  
RESULTS AND DISCUSSION 
 
This chapter discusses in detail, the results of the fixed interface normal modes and static 
constraint modes which create the Craig-Bampton mode set for each component. With 
the help of these results, the dynamic simulation of the flexible multibody model of the 
pylon structure under application of various forcing functions or time dependant 
boundary condition can easily be obtained using VL. However, the scope of this project 
is limited to obtaining the natural frequencies and their corresponding mode shapes of the 
pylon structure using the flexible multibody modeling approach. 
 
The natural frequencies of the pylon structure obtained using both a detailed FE modeling 
approach developed by Brock Birdsong [1] and experimental modal test data were given 
in Chapter 4. In this chapter, the results of natural frequencies and the corresponding 
eigenmodes of the flexible body model obtained using VL are discussed.  
 
Moreover, the comparison is made among the results obtained using each modeling 
approach in order to evaluate the flexible body model. Since one of the major goals of 
this study is to simplify the flexible body modeling procedure by reducing the FE model 
size, the FE problem size of each model is compared to see how much reduction in 
computational effort can be achieved using the simplified modeling approach developed 
in this study.   
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 7.1 Fixed Interface Normal Modes 
In the previous chapter, the boundary conditions at the node points along the joint 
interface of the bodies in the flexible body model of pylon structure were given. These 
boundary conditions are used to obtain the fixed interface normal modes for each 
component using Nastran. The resulting natural frequencies of the first 20 normal modes 
for each component are given in Table 7.1. These fixed interface normal modes are used 
in the Craig-Bampton mode set of each component. The first four normal modes of each 
component are shown in Figures 7.1 to 7.3. 
 
Table 7.1: Fixed interface normal modes 
 
Frequencies (Hz) 
Mode No. 
Vertical Plate Wing Plate Missile Rack 
1 21.9 23.3 153.1 
2 105.5 85.9 253.2 
3 156.0 174.2 576.3 
4 295.1 272.4 1050.7 
5 365.1 301.1 1065.4 
6 454.5 492.0 1227.3 
7 579.7 534.6 1406.5 
8 594.5 574.5 1412.6 
9 880.9 668.9 1509.2 
10 884.1 780.2 1799.2 
11 935.1 875.6 1998.1 
12 967.0 896.8 2094.3 
13 1089.8 941.3 2277.8 
14 1103.1 1139.4 2490.2 
15 1209.4 1140.7 2566.0 
16 1309.1 1233.4 2760.2 
17 1395.1 1243.7 2801.2 
18 1522.7 1297.8 3015.0 
19 1622.4 1301.1 3051.7 
20 1622.5 1380.0 3057.3 
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                              Figure 7.1: First Four Normal Modes of the Vertical Plate  
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Mode 1 – 23.3 Hz 
 
 
 
Mode 2 – 85. 9 Hz   
 
       
Mode 3 – 174.2 Hz   
 
 
 
Mode 4 – 272.4 Hz   
 
 
Figure 7.2: First Four Normal Modes of the Wing Plate 
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                     Mode 3 – 576.3 Hz                                      Mode 4 – 1050.7 Hz 
 
 
Figure 7.3: First Four Normal Modes of the Missile Rack 
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 7.2 Static Constraint Modes 
It should be recalled from Chapter 5 that the static constraint modes are displacement 
shapes of a component obtained by successively applying a unit displacement to each 
constrained interface DoF while keeping all other attachment DoFs fixed. There is one 
static constrained mode associated with each constrained DoF at the node point along 
joint interface. The constrained DoFs of each node point along the joint interface has 
been discussed in the previous chapter. The static constraint modes associated with each 
component are summarized in Table 7.2. Some of the static constraint modes of each 
component are shown in Figures 7.4 to 7.6. 
 
7.3 Eigenvalue Analysis of the Flexible Body Model 
The natural frequencies and the corresponding mode shapes of the flexible body model of 
the pylon structure are calculated using linearization in VL.   
 
Table 7.2: Static constraint modes 
   
Component Joint interface with 
DoF along which unit 
displacement applied 
No. of 
node 
points 
Total no. of 
static constraint 
modes 
Base Plate +X, +Y, +Z,  +RX, +RY, +RZ 
3 
Vertical Plate 
Wing Plate +Y, +RX, +RZ 3 
27 
Vertical Plate +X, +Y, +Z,  +RX, +RY, +RZ 
3 
Wing Plate 
Missile Rack +Y, +RX, +RZ 3 
27 
Missile Rack Wing Plate +X, +Y, +Z,  +RX, +RY, +RZ 
3 18 
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                            Node 146: +Y                                              Node 3590: +X 
 
                                     
 
                           Node 3638: +Z                                              Node 3638: +Ry                                       
 
 
Figure 7.4: Typical Static Constraint Modes of the Vertical Plate 
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Node 3008: +X 
 
 
 
Node 146: +Y 
 
 
 
Node 3056: +Z 
 
 
 
Node 3056: +Ry 
 
Figure 7.5: Typical Static Constraint Modes of the Wing Plate 
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Figure 7.6: Typical Static Constraint Modes of the Missile Rack 
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 It was shown in Chapter 5 that in order to simulate the dynamic behavior of the flexible 
multibody system that undergoes large displacements and rotations, a set of highly 
nonlinear differential-algebraic equations of motion must be solved. However, many 
flexible multibody systems work mostly in the proximity of a fixed or constant dynamic 
equilibrium configuration [12]. So the equations of motion are linearized around this 
equilibrium configuration and to do this, perturbation theory is used in VL [38].  The 
natural frequencies (eigenvalues) and the mode shapes (eigenvectors) of the flexible body 
model can be easily obtained from the set of reduced linear first order ordinary 
differential equations. 
 
7.3.1 Selection of modes in the Craig-Bampton mode set 
In Craig-Bampton mode set for each component, one may use different the number of 
deformation modes, especially the fixed interface normal modes, to capture the flexibility 
effect. An engineering judgment should be used to decide which modes should be 
incorporated in the Craig-Bampton mode set. There is no particular method for selection 
of the modes. The selection of modes becomes an important issue especially when the 
flexible model is excited with an external forcing function or subjected to time dependant 
boundary conditions.  
 
In this study, different sets of fixed interface normal modes are selected, along with all of 
the static constrained modes, to represent the flexibility of the component and their effect 
on dynamic behavior of the model is observed. In the first and second set, the first 12 and 
first 20 fixed interface normal modes of the each component are chosen respectively. In 
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 the third set, the modes are selected after making a visual inspection of their 
corresponding mode shapes. The modes which follow the boundary conditions at the 
joint locations i.e. the nodes along the joint interface remain collinear, are chosen in this 
set. 
 
The natural frequencies of the flexible body model of the pylon structure observed using 
different sets of fixed interface normal modes of each component are summarized in 
Table 7.3. The natural frequencies in each case are seen to be different. This is because 
each mode set spans a different vector space of the deformation of the component, and 
moreover, the total amount of energy associated with each mode set is different.   
 
The comparison of the natural frequencies obtained using different mode sets is shown in 
the normalized bar chart in Figure 7.7.  It can be seen from Figure 7.7, the natural 
frequencies obtained using mode set consisting of the first 20 normal modes are highest 
among all. This implies that the first 20 normal modes span most of the deformation 
subspace. The natural frequencies obtained using selected normal modes are much lower 
than for other two cases. This is because the selected modes are not enough to span the 
entire vector space of the deformation.  
 
7.3.2 Exclusion of modes after orthonormalization 
The selected normal modes and static constraint modes of each component are 
orthonormalized using the Nastran Analysis Driver in VL. In the orthonormalized mode 
set, modes with zero eigenvalues or numerically small non-zero eigenvalues are  
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Table 7.3: Natural frequencies of the model using different mode sets (Cut off – 5000 Hz) 
 
Natural frequencies of the model (Hz) 
Mode No. 
With first 12 normal 
modes included 
With first 20 normal 
modes included 
With selected 
normal modes 
from first 20 
1 8.52 8.77 7.76 
2 14.07 15.54 12.86 
3 16.5 17.44 14.69 
4 30.65 32.83 26.88 
5 93.99 94.66 85.09 
6 112.63 125.2 92.67 
7 127.4 166.0 92.92 
8 139.8 170.2 109.135 
9 163.5 171.9 148.94 
10 180.2 189.35 169.56 
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Figure 7.7: Normalized Natural Frequencies of the Model (w.r.t. frequencies with first 20 
normal modes) 
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 observed. There are always six of these modes which represent rigid body modes and are 
excluded from the mode set used for dynamic analysis.  
 
It is observed that the orthonormalized mode set contains some high frequency modes. 
Actually, the high frequency modes originate from the static constraint modes which are 
included in the analysis to represent local nonlinearities at the joint locations.  These 
modes are excluded for dynamic analysis as generally a very small amount of energy is 
associated with them. Moreover, the inclusion of high frequency modes affects the 
computational speed for the simulation.  There is no particular guideline for deciding the 
cut off frequency for exclusion of high frequency modes. A set of different values of cut 
off frequencies is chosen and their effect on the natural frequencies of the model is 
studied. The observations are summarized in Table 7.4. The natural frequencies obtained 
using different cut off frequencies can be easily compared from the normalized bar chart 
shown in Figure 7.8. It is observed that as the cut off frequencies increase the natural 
frequencies of the model decrease. This observation is discussed in detail in the next 
Chapter.  
 
The results of the natural frequencies of the flexible model obtained using different mode 
sets and different cut off frequencies are already listed in Tables 7.3 and 7.4. It is 
observed that the closest results to that of experimental modal test are obtained when the 
first 20 normal modes of each component are included and the cut off frequency of 5000 
Hz is set for the analysis. Hereafter, only this configuration is selected to represent the 
flexibility in the model and the corresponding results are used for evaluation.  
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Table 7.4: Natural frequencies of the model using mode sets with different cut off 
frequencies (First 20 normal modes included) 
 
Natural frequencies of the model (Hz) 
Mode No. With cut off 
frequency of 5000 
Hz 
With cut off 
frequency of 7000 
Hz 
With cut off 
frequency of 
10000 Hz 
1 8.77 8.37 7.64 
2 15.54 15.48 13.91 
3 17.44 16.3 14.4 
4 32.83 29.36 28.94 
5 94.66 91.46 81.39 
6 125.2 118.37 110.5 
7 166.0 142.41 125.54 
8 170.2 163.79 134.47 
9 171.9 166.34 143.18 
10 189.35 172.38 159.2 
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Figure 7.8: Normalized Natural Frequencies of the Model (w.r.t. frequencies with cut off- 
5000 Hz) 
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 7.4 Modal Analysis of the Pylon Structure Using Various Approaches 
In Chapter 4, the modal analysis of the pylon structure using previously developed 
models was reviewed. Brock Birdsong [1] developed detailed FE model of the complete 
pylon structure to formulate the flexible multibody model. The experimental modal test 
[1] was performed to validate this model. In this thesis, a Craig-Bampton approach of 
building the flexible multibody model using simplified FE models is suggested.  
 
The results of modal analysis of the pylon structure using these various modeling 
approaches are discussed in this section. The natural frequencies of different models of 
the pylon structure are shown in Table 7.5, and the graphical representation of these 
frequencies is shown in Figure 7.9.  
 
The comparison of the natural frequencies obtained by each modeling method can be 
effectively seen from the normalized bar chart of the natural frequencies shown in   
Figure 7.10.  It can be seen from Figure 7.10 that the lower natural frequencies 
(corresponding to first five modes) obtained using different methods are quite close to 
each other. However, there is significant difference in the natural frequencies in the 
higher range (i.e. 100 Hz-200 Hz) especially with modes 6 and 8. 
 
The results obtained from the experimental modal test data i.e. the natural frequencies 
and corresponding mode shapes of the pylon structure can be used as a reality check for 
the flexible body model. The comparison of the natural frequencies obtained using both 
the approaches is already discussed. The first five eigenmodes (mode shapes) of the  
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Table 7.5: The natural frequencies of the pylon structure using different approaches 
 
Natural frequencies of the pylon structure (Hz) 
Mode No. 
Detailed FE 
Model [1] 
Flexible body model   
(VL model) 
Experimental 
Modal Test  
(Exp. Model) [1] 
1 8.28 8.77 8.66 
2 15.78 15.54 17.08 
3 17.22 17.44 17.33 
4 36.36 32.83 38.69 
5 86.87 94.66 91.83 
6 171.03 125.2 135.88 
7 174.67 166.0 178.22 
8 219.71 170.2 190.67 
9 264.77 171.9 --- 
10 278.54 189.35 --- 
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Figure 7.9:  Natural Frequencies Using Different Modeling Approaches 
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Figure 7.10: Normalized Natural Frequencies of Different Models (w.r.t. Experimental 
Modal Model) 
  
pylon structure obtained using both the approaches are shown in Figures 7.11 to 7.20. It 
is seen that the mode shapes obtained from both the approaches are identical.  However, 
it is seen that the second and third mode shapes of VL model matches to the third and 
second mode shape obtained using experimental modal test data respectively. Generally, 
this happens due to particular experimental modal test set-up and the nature of the 
excitation provided to obtain the results. The comparison of the mode shapes with high 
frequencies is not discussed here, as these modes are less significant for dynamic 
simulation of the model in practice. 
 
It should be noted that the different modeling approaches have been developed at 
different times with different objectives.  Each modeling method has certain pros and 
cons over other modeling method. An attempt is made to put the results obtained from  
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Figure 7.11: VL Model - Mode 1 (8.77 Hz) 
 
 
 
 
Figure 7.12: Experimental Modal Test - Mode 1 (8.66 Hz) 
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Figure 7.13:  VL Model - Mode 2 (15.84 Hz) 
 
 
 
 
Figure 7.14: Experimental Modal Test - Mode 3 (17.33 Hz) 
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Figure 7.15: VL Model - Mode 3 (17.44 Hz) 
 
 
 
 
Figure 7.16: Experimental Modal Test - Mode 2 (17.08 Hz) 
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Figure 7.17: VL Model - Mode 4 (32.83 Hz) 
 
 
 
 
Figure 7.18: Experimental Modal Test - Mode 4 (38.7 Hz) 
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Figure 7.19: VL Model - Mode 5 (94.66 Hz) 
 
 
 
 
Figure 7.20: Experimental Modal Test - Mode 5 (91.83 Hz) 
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 each model together. The close agreement in the results observed builds the confidence 
about the validity of each modeling approach.    
 
7.5 Evaluation of the Results 
7.5.1 Comparison of the natural frequencies of the pylon structure 
The various approaches of modeling of the pylon structure and the results obtained by 
each method have been discussed so far. It is more intuitive to compare the results of 
only two modeling approaches at a time. The difference in the natural frequencies among 
each pair of modeling methods is shown in Table 7.6 and also, in the bar chart shown in 
Figure 7.21. The uncertainties associated with the modeling process which causes the 
difference in natural frequencies are discussed in the next Chapter. 
 
Again it can be seen from Figure 7.21 that the difference in the natural frequencies is 
greater in the higher frequency range than in the lower frequency range. In the higher    
frequency range, the flexible body model gives closer results to the experimental results 
than detailed FE model. However, no particular trend is observed in deviation of the 
natural frequencies of different models. 
 
7.5.2 Comparison of the FE problem size 
The flexibility in the VL model (i.e. flexible multibody model) is incorporated using 
modal data of each component represented by its Craig-Bampton mode set. Since the 
modal coordinates are used along with rigid body coordinates in the formulation of the  
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Table 7.6: Difference in the natural frequencies among individual pairs of the models 
 
Difference in the natural frequencies of the pylon structure 
Experimental model - 
FE model 
Experimental model - 
Flexible body model  
(VL model) 
FE model – Flexible 
body model  (VL 
model) 
Mode 
No. 
∆ (Hz) ∆% ∆ (Hz) ∆% ∆ (Hz) ∆% 
1 -0.38 4.39 0.11 1.27 -0.49 5.59 
2 -1.3 7.61 -1.54 9.02 0.24 1.54 
3 -0.11 0.63 0.11 0.63 -0.22 1.26 
4 -2.33 6.02 -5.86 15.15 3.53 10.75 
5 -4.96 5.40 2.83 3.08 -7.79 8.23 
6 35.15 25.87 -10.68 7.86 45.83 36.61 
7 -3.55 1.99 -12.22 6.86 8.67 5.22 
8 29.04 15.23 -20.47 10.74 49.51 29.09 
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Figure 7.21: Difference in the Natural Frequencies among Individual Pairs of the Models  
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 flexible body dynamics problem, the computational efforts are saved significantly as less 
number of DoFs is used to represent the system. However, it should be noted that the 
Craig-Bampton mode set is obtained by solving the FE problem individually for each 
component. It is important to see how much computational effort is required to solve 
these problems. The development of the FE model of each component was discussed in 
Chapter 6.  The FE model size of each component is summarized in Table 7.7.  
 
The formulation of the detailed FE model and experimental modal model was discussed 
in Chapter 4. The FE problem size i.e. number nodes and number of DoFs used in each 
modeling approach is compared in Table 7.8. 
 
It can be seen from Table 7.8 that the FE problem size is significantly reduced in the VL 
modeling approach as compared to detailed FE modeling approach. It should be noted 
that even if the total FE size of VL model is compared to that of the detailed FE model, 
 
Table 7.7: FE model size used to get Craig-Bampton mode set in VL model 
 
Component 
Description 
Vertical Plate Wing Plate Missile Rack 
Total 
No. of nodes 3,492 2,910 687 7,089 
No. of DoF 20,952 17,460 4,122 42,534 
               
 
Table 7.8: FE problem size used to in different modeling approaches 
 
Modeling Method 
Description Detailed FE 
model 
VL model 
(Total) 
Experimental 
Modal Model 
No. of nodes 22,644 7,089 80 
No. of DoF 135,864 42,534 240 
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 the FE models of each components are solved simultaneously. Moreover, the total FE 
size of the VL model includes the redundant DoFs along the joint interface of two 
components. This implies the modeling approach used in this thesis is computationally 
more efficient than the detailed FE modeling approach. 
 
It is already explained that a lot of modeling efforts would be required to build the 
detailed FE model of the pylon structure. Here it can be seen that a lot of modeling as 
well as computational efforts are saved in the development of the flexible multibody 
model of the pylon structure using the Craig-Bampton method of CMS. 
 
From Table 7.8, it is seen that the FE problem size of reduced experimental modal model 
is very small. However, it should be recalled from Chapter 4 that a lot of effort is 
required to build the set-up for the experimental modal test and to optimize the sensor 
locations for the test. 
 
7.6 Summary 
This chapter presents the results of dynamic behavior of the pylon structure using various 
modeling approaches.  In the first part of the chapter the Craig-Bampton mode set results 
of each component were discussed. Moreover, the effects of selection of different sets of 
fixed interface normal modes and of different cut off frequencies on natural frequencies 
of the flexible multibody model of the pylon structure were shown. 
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 In the second part of the chapter, the eigenmodes of the flexible body model and their 
corresponding natural frequencies were compared with those obtained from detailed FE 
model and the experimental modal model of pylon structure. It is observed that the lower 
natural frequencies i.e. 0-100 Hz obtained from the various modeling approaches are 
quite close to each other.  
 
Finally the FE problem size, the modeling efforts and the computational efforts required 
to obtain the natural frequencies of the pylon structure involved in the various modeling 
approaches were compared. It is seen that these efforts were reduced significantly with 
the use of flexible body modeling approach developed in this study. 
 
The following chapter summarizes all the issues covered until this chapter. Also, the 
uncertainties involved in the flexible body modeling process along with the future 
research possibilities are discussed. 
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CHAPTER 8 
CONCLUSIONS AND FUTURE RESEARCH 
 
One of the major goals of this work was to present the simplified flexible multibody 
modeling method for the dynamic analysis of the pylon structure. A Craig-Bampton 
approach of CMS method has been used along with the simplified FE models of each 
component to develop the flexible multibody model of the pylon structure.  
 
The thesis was divided into three sections. In the first section, a previously developed 
detailed FE model by Brock Birdsong [1] and the experimental modal model of the pylon 
structure were reviewed. The second section was devoted to development of the 
simplified flexible multibody modeling methods including the details of each stage of 
modeling and the analytical aspects corresponding to it. In the last section, the results of 
the vibration analysis of the pylon structure obtained from each modeling method i.e. the 
flexible multibody model, the detailed FE model and the experimental modal model were 
compared.  
 
In this chapter, the conclusions of this work are presented. Moreover, the uncertainties 
involved in the flexible multibody modeling, limitations of the simplified approach and 
recommendations for future work are discussed. 
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 8.1 Conclusions 
The following conclusions can be drawn from the observations and results of this study. 
1. The Pro/E CAD model of the pylon structure was developed and validated by 
comparing its geometry and mass properties with measurements of the physical 
model. Results in Table 3.1 show that the mass properties of the CAD model are 
consistent with those of the physical model. 
 
2. The use of composite section approach to develop FE models of the components was 
proposed in this thesis to reduce FE modeling efforts. This approach simplified the 
modeling procedure to a great extent as discussed in section 6.3. The bracket joint 
details such as angle irons and bolt assemblies are not required to be modeled 
separately in this approach. As listed in Table 7.5, the results of modal analysis using 
this approach are fairly close to those obtained using the detailed FE model. So this 
approach can be adopted in practice. 
 
3. It is evident from Table 7.8; the FE problem size is reduced significantly with the use 
of simplified FE models of components in which the local joint details are eliminated. 
Moreover, the computational time can be saved as the component FE models can be 
simultaneously solved for eigenvalue analysis. 
 
4. A significant amount of modeling effort can be reduced using the Craig-Bampton 
approach as components are modeled separately. As discussed in Chapter 6, the 
complete model of the pylon structure can be easily built in VL from the component 
models, using kinematic constraints imposed by a bracket joint. This approach allows 
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 use of multiple configurations of components in the multibody system using separate 
component models. One of the major advantages of this approach is that the selected 
group of the bodies can be modeled as flexible and other bodies can be treated as 
rigid. For example, in the flexible multibody model of the pylon structure the base 
plate was treated as rigid body as it was bolted to the ground. This facility is not 
available in other modeling approaches reviewed in this thesis.  
 
5. The natural frequencies of the pylon structure obtained using the flexible multibody 
modeling approach are highly dependent on the selection of deformation modes in the 
Craig-Bampton mode set of the each component. The natural frequencies of the pylon 
structure obtained using different Craig-Bampton mode sets are listed in Table 7.3. 
The fixed interface normal modes should be selected along with the constraint modes 
such that they span entire subspace of the deformation. 
 
6. From Table 7.4, it is seen that the cutoff frequencies of the orthonormalized mode 
sets for each component affect the natural frequencies of the entire pylon structure. 
The high frequency content in the orthonormalized mode set represents the 
deformation at local joints. The inclusion of very high frequency modes decreases the 
stiffness of the local joints and thus affects the natural frequencies of the pylon 
structure. 
  
7. The Craig-Bampton approach employed in this thesis can be effectively used to 
develop the flexible multibody model of the pylon structure. The results of the modal 
analysis of the simplified flexible multibody model are in close agreement to those 
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 obtained from detailed FE model and experimental modal model in lower frequency 
range (i.e. 0-100 Hz) as shown in Figure 7.9. This approach can be successfully 
implemented in practice as most of the energy is associated with the low frequency 
modes.  
 
8.2 Uncertainties in the Development of the Flexible Multibody Model 
The three modeling approaches have not been without their pitfalls. Some of the 
uncertainties associated with each modeling approach are briefly summarized here. 
 
In the experimental modal test there is always a question of optimizing the sensor and 
excitation locations and type of excitation. Moreover, unskillful excitation may affect the 
results of the modal analysis. The number and the quality of the modes obtained are 
highly dependent on the test set up and the type of instrumentation and algorithms used. 
It is quite possible that the weight of the sensors may affect the results of the modal 
analysis.  
 
Similarly, there are some uncertainties associated with detailed FE modeling approach. 
The standard values of material properties used to develop the FE model may not truly 
represent the actual material properties of physical model. The bracket joint details 
especially the bolt assemblies are modeled with the use of RBE2 elements. This is 
approximate method, which may not consider the compression effect of the bolts. The 
stiffness properties of CBUSH elements, which are used to increase local joint stiffness, 
are determined approximately. Again, there is always question of optimum FE mesh size.  
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A detailed discussion about the uncertainties associated with the detailed FE model and 
the experimental modal test is beyond the scope of this thesis. More details about these 
uncertainties can be found in [1, 2].  
 
In the development of the flexible multibody model of the pylon structure, some 
uncertainties and limitations of the simplified Craig-Bampton approach were noticed. 
These uncertainties can be categorized into ‘general uncertainties,’ which are associated 
with the proposed approach, and ‘specific uncertainties,’ which are associated with the 
particular model considered in this study.  These uncertainties are listed below.  
 
8.2.1 General uncertainties in the proposed approach 
• The FE models are developed using standard values of material properties (i.e. 
density, Young’s modulus, Poisson’s ratio) provided by the manufacturer. The 
mass properties of the flexible multibody model are derived from the 
corresponding FE model. Generally, it is seen that the manufacturing and material 
properties show Gaussian distribution among the manufactured samples in a 
batch. It is possible that selected sample of hardware may not truly represent the 
entire batch. In this study, the CAD model of the pylon structure was validated by 
comparing its geometry and mass properties with one of the hardware sample. 
However, the experimental modal test was performed separately using different 
hardware sample. The mass and material properties of two hardware samples may 
not exactly match with each other. 
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 • The Craig-Bampton method of CMS is one of the many possible reduction 
(condensation) methods [24-26]. The reduction methods are approximate 
methods. It is observed that the natural frequencies obtained using these methods 
differ from the actual natural frequencies in higher frequency range. 
• The nature of approximation involved in Craig-Bampton approach of flexible 
multibody modeling method highly depends on the choice of component modes. 
There is no particular method to see how well a selected combination of the 
constraint modes and component normal modes approximate the dynamic 
behavior of the components [30, 39]. 
 
8.2.2 Specific uncertainties associated with the flexible multibody model  
• The mass properties of the rigid multibody model are derived from the 
corresponding CAD model. The mass properties of the CAD model are 
analytically calculated using engineering drawings of the components. However, 
it has been observed that the mass properties of the physical model are slightly 
different than that of the CAD model as actual thickness of the aluminum plates is 
different from the nominal value as shown in Figure 3.3. 
• The FE mesh sizes the component FE models are determined only approximately. 
To simplify the FE modeling method a composite section is used to replace the 
angle irons and the bolt assemblies. The stiffness of the composite section is 
approximately determined using sensitivity analysis as discussed in section 6.3.1.  
• Ideally, the static constraint modes should be obtained by applying unit 
displacement along every constrained DoFs of each node point along the joint 
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 interface. In this study, a practical compromise was made between the problem 
size and the accuracy of the results. As shown in Figure 6.11, only three node 
points along the joint interface were chosen to obtain the corresponding constraint 
modes. These were the only nodes where rigid body constraints were applied 
between adjacent bodies. Moreover, engineering judgment is used, as discussed in 
section 6.4, to define the boundary conditions at selected node points to avoid 
numerical redundancy in problem.  
 
It should be noted that some of these uncertainties can not be controlled and their effect 
propagates through different flexible multibody modeling stages. The cascaded effect of 
these uncertainties lead to deviations in the natural frequencies of the pylon structure 
obtained using different modeling methods. 
 
8.3 Future Research 
Several follow on efforts can be anticipated from this study, which could not be made due 
to limitations of resources and time. Some of the recommendations for the future research 
are given below. 
• In the Craig-Bampton approach suggested in this thesis, the experimental 
verification can be incorporated at the appropriate sub-model levels. For example 
the stiffness value of composite section used to develop FE models can be 
verified experimentally. 
• The fixed interface normal modes of each component, obtained from eigenvalue 
analysis of FE models can be validated using experimental modal tests. 
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 • The uncertainties associated with development of the simplified flexible 
multibody model of the pylon structure are already listed in this Chapter. To 
quantify the propagated effect of these uncertainties a parametric study can be 
done and inferences can be drawn using statistical methods. 
• The Craig-Bampton approach of developing the flexible multibody model of the 
simplified pylon structure, suggested in this thesis, can be extended to more 
complex models of the missile systems. 
• The development of more general and systematic method for the selection 
deformation modes and the boundary conditions of the components is still an 
open research area. 
• Other than Craig-Bampton approach, CMS techniques using attachment modes, 
Ritz modes can be used to obtain modal data in the flexible multibody model. An 
effort can be made to optimize reduced FE model or modal model, which can be 
used for development of the flexible multibody model. A comparative study of 
these various approaches may be a fruitful topic for future research. 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 98
  
LIST OF REFERENCES 
 99
  
 
1. Charles B. Birdsong, “Flexible Multibody Dynamics Development and Validation 
Methodology,” Univ. of Iowa, July 2005. 
 
2. Tracy Van Zandt, “Development of Efficient Reduced Models for Multi-Body 
Dynamics Simulations of Helicopter Missile Wing Configurations,” Univ. of 
Massachusetts, Lowell. 
 
3. Pro/ENGINEER, Parametric Technology Corporation (PTC), Needham, 
Massachusetts. 
 
4. MSC.Patran, MSC Software Corporation, Santa Ana, Ca. 
 
5. MSC.Nastran, MSC Software Corporation, Santa Ana, Ca. 
 
6. LMS Virtual.Lab Motion, LMS International, Leuven, Belgium. 
 
7. Shabana A. A., “Flexible Multibody Dynamics: Review of Past and Recent 
Developments,” Multibody System Dynamics 1, 1997, 189-222. 
 
8. Shabana A. A, “Dynamics of Multibody Systems,” Wiley, New York, 1989. 
 
9. A. G. Erdman, “Forty years of Modern Kinematics,” J. Wiley, 1993. 
 
10. E. J. Haug, “Computer-Aided Kinematics and Dynamics, Vol. 1: Basic Methods,” 
Allyn and Bacon, Boston, MA, 1989. 
 
11. P. E. Nikravish, “Computer-Aided Analysis of Mechanical Systems,” Prentice 
Hall, Inc., New Jersey, 1988.  
 
12. G. J. de Jalon, E. Bayo, “Kinematic and Dynamic Simulation of Multibody 
Systems: The Real Time Challenge,” Springer-Verlag, New York, 1994.   
 
13. E. J. Haug, “Computer-Aided Kinematics and Dynamics, Vol. 1: Basic Methods,” 
Allyn and Bacon, Boston, MA, 1989. 
 
14. R. A. Wehage, E. J. Haug, “Generalized Coordinate Partitioning of Dimension 
Reduction in Analysis of Constrained Dynamic System,” ASME Journal of 
Mechanical Design, Vol. 104, 247-255, Jan. 1982. 
 
15. T. R. Kane, D. A. Levinson, “Dynamics: Theory and Applications,” McGraw-
Hill, New York, 1985. 
 
 100
 16. Freeman J.S., “Spatial Multibody Dynamics,” Univ. of Tennessee, spring 2005.  
 
17. W. Jerkovsky, “The Structure of Multibody Dynamics equation,” Journal of 
Guidance and Control, Vol.1, No.3, 173-182, 1978. 
 
18. S. S. Kim, M. J. Vanderploeg, “A general and Efficient Method for Dynamic 
Analysis of Mechanical Systems Using Velocity Transformations,” Transactions 
of the ASME, Vol. 108, 1986. 
 
19. A.A. Shabana, R. A. Wehage, “Variable Degree of Freedom Component Mode 
Analysis of Inertia-Variant Flexible Mechanical Systems,” ASME Journal of 
Mechanism, Transmissions, and Automation in Design, Vol.105, No.3, Sept. 
1983. 
 
20. J. O Song, E.J. Haug, “Dynamics Analysis of Planar Flexible Mechanisms,” 
Computer methods in applied mechanics and Engg. 24, 359-381, 1980. 
 
21. S.S. Kim, “A Recursive Formulation for Flexible Multibody Dynamics,” Ph.D. 
Thesis, Univ. of Iowa, May 1988.  
 
22. S. S. Kim, A.A. Shabana, E. J. Haug, “Automated Vehicle Dynamic Analysis 
with Flexible Components,” Transactions of the ASME, Vol. 106, March 1984. 
 
23. R. Schwertassek, O. Wallrapp, A. A. Shabana, “Flexible Multibody Simulation 
and Choice of Shape Functions,” Nonlinear Dynamics 20: 361-380, 1999. 
 
24. W. C. Hurty, “Dynamic Analysis of Structural Systems Using Component 
Modes,” AIAA Journal, Vol. 3, No. 4, 1965. 
 
25. R. R. Craig, M. C. C. Bampton, “Coupling of Substructures for Dynamic 
Analysis,” AIAA Journal, Vol. 6, No. 7, 1968. 
 
26. R. R. Craig, C. J. Chang, “On the Use of Attachment Modes in Substructure 
Coupling for Dynamic Analysis,” Dynamics & Structural Dynamics, 
AIAA/ASME 18  Structures, Structural Dynamics & Material Conference, 1977. th
 
27. A.A. Shabana, R. A. Wehage, “Variable Degree of Freedom Component Mode 
Analysis of Inertia-Variant Flexible Mechanical Systems,” ASME Journal of 
Mechanism, Transmissions, and Automation in Design, Vol.105, No.3, Sept. 
1983. 
 
28. W.S. Yoo, “Dynamics of Flexible Mechanical Systems Using Finite Element 
Lumped Mass Approximation and Static Correction Modes”, Ph.D. Thesis, Univ. 
of Iowa, August 1985.   
 
 101
 29. O. Wallrapp, “Flexible Bodies in Multibody Systems Codes,” Vehicle Systems 
Dynamics, 30, 237-256, 1998. 
 
30. O. Wallrapp, S. Wiedemann, “Comparison of results in flexible multibody 
dynamics using various approaches,” Nonlinear Dynamics 34: 189-206, 2003. 
 
31. O. Friberg, “A Method for Selecting Deformation Modes in Flexible Multibody 
Dynamics,” International Journal For Numerical Methods In Engineering, Vol. 
32, 1637-1655, 1991. 
 
32. S. S. Kim, E. J. Haug, “Selection of Deformation Modes for Flexible Multibody 
Dynamics,” Center for Computer Aided Design, Univ. of Iowa, Technical Report 
86-22. 
 
33. Freeman, J.S., K.K. Choi and J. Tang, “Physics of Failure Based Approach to Life 
Consumption Monitoring, Appendix A,” Final Report TTCP JSA TP-1 Task 1-03, 
June 2002.  
 
34. DADS, LMS International, Leuven, Belgium. 
 
35. MSC.ADAMS, MSC Software Corporation, Santa Ana, Ca. 
 
36. Brian J. Schwarz & Mark H. Richardson, “Experimental Modal Analysis,” CSI 
Reliability Week, Orlando, FL October, 1999. 
 
37. R. R. Craig, Jr., “Structural Dynamics,” John Wiley & Sons, Inc., 1981. 
 
38. LMS Virtual.Lab Rev. 5B, Online Help Documentation, LMS International, 
Leuven, Belgium. 
 
39. L. Meirovitch, “Principles and Techniques of Vibrations,” Prentice Hall, Inc., 
1997. 
 
 
 
 
 
 
 
 
 
 102
  103
 
VITA 
 
Naresh Nilkanth Khude was born in Manchar, a small town in Maharashtra, India on 
February 9, 1982. He stayed at his native place till his high school education. He then 
moved to Pune, Maharashtra for his undergrad education and received his Bachelor of 
Engineering degree from University of Pune in 2003. Then he moved to United States in 
2004 for his higher education. He received his Masters degree in Mechanical Engineering 
from the University of Tennessee, Knoxville in Summer of 2006.  
 
Naresh is currently pursuing his doctorate in Mechanical Engineering at the University of 
Wisconsin, Madison. 
